A theory in which 4-dimensional spacetime is generalized to a larger space, namely a 16-dimensional Clifford space (C-space) is investigated. Curved Clifford space can provide a realization of Kaluza-Klein theory without a need of adding extra dimensions to the underlying spacetime. A covariant Dirac equation in curved C-space is explored. The generalized Dirac field is assumed to be a polyvector-valued object (a Clifford number) which can be written as a superposition of four independent spinors, each spanning a different left ideal of Clifford algebra. The general transformations of a polyvector can act from the left and/or from the right, and form a large gauge group which may contain the group U(1)×SU(2)×SU(3) of the standard model. The generalized spin connection in C-space has the properties of Yang-Mills gauge fields. It contains the ordinary spin connection related to gravity (with torsion), and extra parts describing additional interactions, including those described by the antisymmetric Kalb-Ramond fields.
Introduction
Kaluza-Klein idea for the unification of the gravitational and electromagnetic interaction by extending the dimensionality of spacetime is very fascinating. In eighties it attracted much attention in its modern formulation in which higher dimensional curved spacetime V n , n > 5, are considered. This enabled a treatment of Yang-Mills fields as being incorporated in the metric tensor of V n . When confronting the theory with phenomenology, serious difficulties have arosen. In particular, there is a notorious problem that a charged particle has an effective 4-dimensional mass which is of the order of the Planck mass. A search for a realistic Kaluza-Klein theory has not been successful so far.
In the meantime the focus of attention has switched to string theory (see e.g. [1] ) which has turned out to be very promising in unifying gravity with gauge interactions. A lot of fascinating results have been obtained in the last ten years, such as a discovery that string theory contains higher dimensional objects (D-branes) and that there must be a single underlying theory, the so called M-theory, which unifies different known types of string theory (see, e.g., [2] , and references therein). The presence of branes in string theory has led to the revival [3] of the old idea [4] that our 4-dimensional universe is a 4-dimensional surface, a world manifold of a 3-brane, living in a higher dimensional spacetime (see also refs. [5, 6, 7] ).
There is a number of works which further illuminate strings and branes from the theoretical point of view. For instance, Aurilia et al. [8] , following the original proposal by Schild [9] and Eguchi [10] , formulated p-branes in terms of the tangent (p + 1)-multivectors to a p-brane's world manifold. So they obtained the quantum propagator of a bosonic pbrane in the quenched minisuperspace approximation [11] which lead to a novel -Clifford algebra based-unified description [12, 5, 16, 17] of p-branes for different values of p. The backgraound space that emerged in such a framework turned out to be a Clifford space.
Since the seminal Hestenes's works [18] Clifford algebra is becoming increasingly popular in physics [19] . It has been realized that Clifford algebra is not only a useful tool for description of the known geometry and physics, but it provides a lot of room for new geometry and new physics. As an intermediate step into that new direction several authors have investigated, in a number of illuminating and penetrating works [20] - [22] , the idea that Clifford algebra provides a framework for unification of fundemental interactions. Common to all those works is the assumption that the generators of Clifford algebra and other related quantities depend on position in spacetime. Other researchers [23, 12, 5, 14, 15, 17, 26, 25] have found that the latter dependence is too restrictive. In spacetime we have not only vectors, but also 2-vectors, 3-vectors, 4-vectors (i.e., pseudoscalars) , and scalars. They altogether provide a basis which spans 16-dimensional manifold, called Clifford space or, shortly, C-space. A position in C-space is described by sixteen polyvector coordinates
µ , x µν , x µνρ , x µνρσ ) which are a generalization of the usual four spacetime coordinates x µ , µ = 0, 1, 2, 3. The role of Clifford space as the arena for physics has been investigated in refs. [23, 12, 5, 14, 15, 17, 26, 25] .
If C-space is flat we have essentially a generalization of special relativity to the new degrees of freedom which reside in C-space. The new degrees of freedom, i.e., the polyvector coordinates x M , if associated with a physical object, encode the information not only about the objects's center of mass position, but also about its extensions and orientation. A detailed "shape" or configuration of the extended object is not encoded by x M , only a partial information about the shape is encoded [17] .
In particular, the extended objects can be just the fundamental (closed) branes. It is well known [27, 28] (see also a recent systematic exposition [29] ) that the elements of the right or left minimal ideals of Clifford algebra can be used to represent spinors. Therefore, a coordinate polyvector X automatically contains not only bosonic, but also spinor coordinates. In refs. [30, 31] it was proposed to formulate string theory in terms of polyvectors, and thus avoid using a higher dimensional spacetime. Spacetime can be 4-dimensional, whilst the extra degrees of freedom ("extra dimensions") necessary for consistency of string theory are in Clifford space.
In this paper we investigate the possibility that the arena itself is to become a part of the play. We propose that Clifford space should be considered as a dynamical space, analogous to the spacetime of general relativity. Since a dynamical (curved) Clifford space, generated by four basis vectors of spacetime has 16 dimensions, it provides a realization of Kaluza-Klein idea. We do not need to assume that spacetime has more than 4 dimensions.
The extra dimensions are in Clifford space. This approach has seeds in refs. [32, 25] , but explicitly it was formulated in refs. [30, 33, 34] .
We will first investigate some basic aspects of the classical general relativity like theory in C-space. We point out that the geodetic equation in C-space contains the terms that can be interpreted as being related to the extra interactions (besides the ordinary gravitational one). Then we pass to quantum theory and discuss the concept of polyvector valued wave function which can be written in a basis spanning four independent left ideals of Clifford algebra. We write the Dirac-like equation in curved C-space by introducing a generalized spin connection which, in general, depends on the coordinate polyvector X.
We formulate the corresponding action principle and derive the Noether currents in which the charges that generate gauge transformations are on the same footing as the spin and angular momentum. We show that the generalized spin connection contains Yang-Mills fields describing fundamental interactions, and also the antisymmetric Kalb-Ramond [35] fields that have an important role in string theory. So we provide a unified framework for description of Yang-Mills fields, including Kalb-Ramond fields.
2 From curved spacetime to curved Clifford space .
Suppose we have an n-dimensional space V n , not necessarily flat. At every point x ∈ V n we have a flat tangent space M n , and a local basis consisting of n orthonormal vectors γ a , a = 1, 2, ..., n, which satisfy the Clifford algebra relations
Here η ab is a pseudo-Euclidean metric whose signature is kept arbitrary at this stage. The basis vectors γ a generate the Clifford algebra C Mn of M n . The basis of the latter algebra is given by the set
where
is the antisymmetrized or wedge product.
From a local basis {γ a } we can switch to a coordinate basis {γ µ } by introducing the fielbein field e µ a = γ µ · γ a . So we have
The coordinate basis vectors satisfy
where g µν is the metric of V n . We may use γ µ as generators of Clifford algebra with the
where γ = 1 and γ µ 1 ...µr ≡ γ µ 1 ∧ γ µ 2 ∧ ... ∧ γ µr . Since γ µ and g µν depend on position, we have different Clifford algebras C Vn at different points x ∈ V n . The continuous set of all those algebras over a domain of V n forms a manifold C Vn (x) which is usually called Clifford bundle or Clifford manifold.
From the basis elements γ M we obtain the metric of C Vn according to
The latter relation employs the scalar product between two Clifford numbers A and B:
where ' ‡' denotes reversion, that is the operation which reverses the order of the generators γ µ (for example, γ ‡ µνρ = γ µνρ ). For illustration, let me provide some examples: (7), (4), (2) and (6) we have
. Then we find
We see that the metric G M N of C Vn is block diagonal: it is different from zero for the components M, N of the same grade, but equals to zero for the components M, N that have different grade.
The manifold C Vn , as already mentioned before, is usually called Clifford bundle or
Clifford manifold. Our proposal (considered previously in refs. [5, 34] ) is to considere a manifold whose metric is not restricted to the block diagonal form of the sort (9)- (11) . We propose to consider fully curved Clifford space with arbitrary metric.
Let us start from the flat Clifford space with the basis (2) . We then perform the transition to a curved Clifford space C with basis {γ M } by means of the relation
where e M A is the fielbein field of C-space. The latter relation is more general from the relation (3). Explicitly, eq. (12) Pezzaglia [24] considered a similar relation to (7), but his interpretation was different.
His equation does not represent a local transformation from a flat local basis to a curved coordinate basis. Instead he considered a transformation from a curved ("fiducial") basis to another basis. The metric tensor was assumed to be the same in both bases. Similarly
Crawford [22] considered an analagous relation to that of Pezzaglia, with the difference that the transformation was from one flat basis to another flat basis. The relation (7) introduced above is a local transformation from a local basis {γ A } spanning a flat tangent space to a coordinate basis {γ M } of a curved Clifford space. Hence our quantity e M A is a different object from Pezzaglia's "geobein" or Crawford's "drehbein", although the basic idea is similar, i.e., gauging Clifford algebra.
From eqs. (12) , (13) we see that the metric G M N = γ ‡ M * γ N is not necessarily block diagonal; it can be arbitrary. All the quantities γ M , e A M , G M N are now assumed to depend on the position in C-space which can be paramterized by C-space coordinate polyvector
In C-space the multivector grade is relative to a chosen basis. A coordinate transformation in C-space in general changes the grade. Thus, even if, for instance, x µ γ µ appears as a 1-vector with respect to a coordinate basis {γ µ }, it is a polyvector (a superposition of multivectors) with respect to the local basis {γ a }.
We have thus a curved Clifford space (shortly, C-space). A point of C-space is described by coordinates x M . A coordinate basis is {γ M }, whilst a local (flat) basis is {γ A }. The fielbein field is given by the scalar product
The polyvector coordinates x M = (s, x µ 1 , x µ 1 µ 2 , ..., x µ 1 ...µn ) provide a description of oriented r-dimensional areas (r-areas). A spacetime which consists of points is generalized to an enlarged space which consists of oriented r-areas. The latter space is also considered as "physical".
The set {γ M } of 2 n linearly independent coordinate basis fields (which depend on x M ) will be called a coordinate frame field in C-space.
The set {γ A } of 2 n linearly independent local basis field (which also in general depend on x M ) will be called a local frame field in C-space.
Corresponding to each field γ M we define a differential operator -which we call derivative-∂ M , whose action depends on the quantity it acts on 2 :
(i) ∂ M maps scalars φ into scalars
Then ∂ M is just the ordinary partial derivative.
(ii) ∂ M maps Clifford numbers into Clifford numbers. In paticular, it maps a coordinate basis Clifford number γ N into another Clifford number which can, of course, be expressed as a linear combination of γ J :
The above relation defines the connection Γ J M N for the coordinate frame field {γ M }. An analogous relation we have for the local frame field:
where Ω A B M is the connection for the local frame field {γ A }. Here A N are scalar components of A, and ∂ M A N is just the ordinary partial derivative with respect to X M :
The derivative ∂ M behaves as a partial derivative when acting on scalars, and it defines a connection when acting on a basis {γ M }. It has turned out very practical 3 to use the easily writable symbol ∂ M which -when acting on a polyvector-cannot be confused with partial derivative.
The derivative ∂ M is defined with respect to a coordinate frame field {γ M } in C-space.
We can define a more fundamental derivative ∂ by
This is the gradient in C-space and it generalizes the ordinary gradient γ µ ∂ µ , µ = 0, 1, 2, ..., n − 1, discussed by Hestenes [18] .
Besides the basis elements γ M and γ A , we can define the reciprocal elements γ M , γ A by the relations
Curvature. We define the curvature of C-space in the analogous way as in the ordinary spacetime, namely by employing the commutator of the derivatives [18, 5, 25] . Using eq. (17) we have
is the curvature of C-space. Using (22) we can express the curvature according to
An analogous relation we have if the commutator of the derivatives operates on a local basis elements and use eq. (18):
Expanding an arbitrary polyvector according to
we have
Using (17), (18), we obtain from (28) the following relation which involves C-space vielbein and the two kinds of connections:
This is a generalization of the well known relation in an ordinary curved spacetime. In eq. (29) (29) we obtain
is the C-space torsion.
In general, the torsion is different from zero. In particular, when torsion vanishes, we find the following expression for the connection:
generalizes the notion of the Ricci rotation coefficients.
3 On the general relativity in C-space
The basic idea of the novel theory that we are exploring here is that the concept of spacetime should be replaced by that of Clifford space. Although the name "Clifford space" could sound very mathematical and thus not much related to physics, just the contrary is true.
Clifford space (C-space) is the very space in which physics takes place. By considering so far only spacetime we have omitted a big portion of a very relevant physics which has been sitting just around the corner. Namely, as we have shown in this and previous works, spacetime is just the start. From its basis we can build a larger space, which is Clifford space. And the latter space, according to the view held in this and other papers [23] - [26] , [5] , [12] - [17] is just as physical as the spacetime of general relativity. Since C-space has more than four dimensions (namely 16, if built on 4-dimensional spacetime), it can serve as a realization of the Kaluza-Klein theory.
We have thus a 16-dimensional, "physical", continuum, whose points are described by
Using a frame field, say, a coordinate frame field {γ M }, the metric is given by
considered as dynamical variables of the theory. From the curvature, defined in eqs. (21)- (24) we can form a kinetic term for γ M , or equivalently, G M N .
In addition, we have also sources. The first straightforward possibility is to introduce a single parameter τ and consider a mapping
where X M (τ ) are 16 embedding functions that describe a worldline in C-space. From the point of view of C-space, X M (τ ) describe a worldline of a "point particle": at every value of τ we have a point in C-space. But from the perspective of the underlying 4-dimensional spacetime, X M (τ ) describe an extended object, sampled by the center of mass coordinates X µ (τ ) and the coordinates X µ 1 µ 2 (τ ), ..., X µ 1 µ 2 µ 3 µ 4 (τ ). They are a generalization of the center of mass coordinates in the sense that they provide information about the object's 2-vector, 3-vector, and 4-vector extension and orientation. For instance, in the case of a closed string we have a 2-dimensional surface enclosed by a 1-dimensional line. Integrating over the oriented area elements, we obtain a finite effective oriented area given in terms of bivector coordinates X µν . Such bivector coordinates provide an approximate description of a closed string; they do not provide a complete description of the string, but nevertheless, they provide a better approximation, than the mere center of mass coordinates. 4 .
The action thus contains a term which describes the "point particle" in C-space and a kinetic term which describes the dynamics of the C-space itself:
the measure on C-space, and R the curvature scalar of C-space, analogous to the curvature scalar of the ordinary general relativity. The action is invariant under local (pseudo) rotations in flat tangent C-space spanned by the basis elements γ A , and under general coordinate transformations in C-space spanned by coordinate basis elements γ M .
Variation of the action (35) with respect to X M gives the geodetic equation in C-space:
Varying (35) with respect to G M N gives the C-space Einstein's equations
When looking from the 4-dimensional spacetime, the equation of geodesic (36) Interestingly, the number of mixed components
of the C-space metric tensor G M N coincides with the number of gauge fields in the standard model 5 . For fixed µ, there are 12 mixed components of G µM and 12 gauge fields
This coincidence is fascinating and it may indicate that the known interactions are incorporated in curved Clifford space.
Good features of C-space are the following:
(i) We do not need to introduce extra dimensions of spacetime. We stay with 4-dimensional spacetime V 4 , and yet we can proceedà la Kaluza-Klein. The extra degrees of freedom are in C-space, generated by a basis of V 4 .
(ii) We do not need to compactify the extra "dimensions". The extra dimensions of Cspace, namely s, x µν , x µνρ , x µνρσ are not just like the ordinary dimensions of spacetime considered in the usual Kaluza-Klein theories. The coordinates x µν , x µνρ , x µνρσ are related to oriented r-surfaces, r = 2, 3, 4, by which we sample extended objects.
Those degrees of freedom are in principle not hidden from our direct observation, therefore we do not need to compactify such "internal" space.
(iii) The number of the mixed metric components G µM (for fixed µ) is 12, precisely the same as the number of gauge fields in the standard model.
We will not go in further details, since they have already been written down in KaluzaKlein theories, although with a different interpretation of the extra dimensions. However, one cannot expect to obtain a realistic theory, with correct coupling constants, within the realm of a classical theory.
The generalized Dirac equation in curved C-space

Spinors as members of left ideals of Clifford algebra
How precisely the curved C-space is related to Yang-Mills gauge fields can be demonstrated by considering a generalization of the Dirac equation to curved C-space.
Let Φ(X) be a polyvector valued field over coordinates polyvector field
where γ A , A = 1, 2, ..., 16, is a local (flat) basis of C-space (see eq. (2)) and φ A the projections (components) of Φ onto the basis {γ A }. We will suppose that in general φ A are complex-valued scalar quantities.
We interpret the imaginary unit i in the way that is usual in quantum theory, namely that i lies outside the Clifford algebra of spacetime and hence commutes with all γ M . This is different from the point of view hold by many researchers of the geometric calculus based on Clifford algebra (see, e.g., [18, 19] ). They insist that i has to be defined geometrically, so it must be one of the elements of the set {γ A }, such that its square equals −1. An alternative interpretation, also often assumed, is that i is the pseudoscalar unit of a higher dimensional space. For instance, if our spacetime is assumed to be 4-dimensional, then i is the pseudoscalar unit of a 5-dimensional space. The problem then arises about a physical interpretation of the extra dimension. This is not the case that we adopt. Instead we adopt the view, first proposed in [5] , that i is the bivector of the 2-dimensional phase space P 2 ,
spanned by e q , e p , so that Q ∈ P 2 is equal to Q = e q e q + pe p , e q Q = q + ip, i = e q e p . So our i is also defined geometrically, but the space we employ differs form the spaces usually considered in defining i. Taking into account that there are four spacetime dimensions, the total phase space is thus the direct product Hence the occurrence of i in quantum mechanics is not perplexing, it arises from phase space. We adopt here the conventional interpretation of quantum mechanics: no hidden variables, Böhmian potential, etc., just the Born statistical interpretation and Bohr-Von Neumann projection postulate.
Instead of the basis {γ A } one can consider another basis, which is obtained after multiplying γ A by 4 independent primitive idempotents [28] 
such that
Here a i , b i , c i are complex numbers chosen so that P 2 i = P i . For explicit and systematic construction see [28, 29] .
By means of P i we can form minimal ideals of Clifford algebra. A basis of left (right) minimal ideal is obtained by taking one of P i and multiply it from the left (right) with all 16 elements γ A of the algebra:
Here I L i and I R i , i = 1, 2, 3, 4 are four independent minimal left and right ideals, respectively. For a fixed i there are 16 elements P i γ A , but only 4 amongst them are different, the remaining elements are just repetition-appart from constant factors-of those 4 different elements.
Let us denote those different elements ξ αi , α = 1, 2, 3, 4. They form a basis of the i-th left ideal.
As an illustration let us provide an example. Let
In short,
where 4 different choices of sign give 4 different idempotents P i .
The basis of the first left ideal is
All sixteen basis elements
, take place in equation (47) number can be expanded either in terms of γ A or in terms of ξ αi = (ξ α1 , ξ α2 , ξ α3 , ξ α4 ):
In the last step we introduced a single spinor indexÃ which runs over all 16 basis elements that span 4 independent left minimal ideals so that ξÃ = (ξ α1 , ξ α2 , ξ α3 , ξ α4 ). Explicitly, eq. (48) reads
Eq. (49) or (48) 
where H BÃ is a matrix that can be read from eqs. (47), and the analogous equation for the remaining three left ideals. An element ξÃ of the spinor basis is a superspopsition of the elements γ A . The coefficients H BÃ of the supersposition contain real or imaginary numbers.
The metric of the local flat tangent space is given by the scalar product
which involves the reversion operation ‡ (it reverses the order of vectors entering γ A ≡ γ a 1 ...ar ).
Analogously we can define the metric in terms of the spinor basis elements ξÃ:
1 being the unit element of the Clifford algebra. Reversion here acts on all basis elements entering the definition of ξÃ (eq. (50)): not only on γ A , but also on the imaginary unit i (occuring in H BÃ , e.g., in eq. (47)), so that i ‡ = −i. This is just the complex conjugation
The occurrence of n = δ µ ν = 4 (i.e., the dimension of the spacetime from which we generate Clifford algebra) comes from a choice of normalization constant in the definition of ξÃ (e.g., in eq. (47)). Let us define an operation S , distinct from 0 with the properties: a) for the unit element 1 and an arbitrary Clifford number A we have
b) for the product of Clifford numbers we have the cyclic behavior:
Using the operation A S we find
Introducing the inverse matrix ZÃB according to
we have ξÃ = ZÃCξC, ξÃ
With respect to the operation S the spinor basis elements ξÃ are orthonormal in the above sense.
Relations (56), (58) Matrix elements of an arbitrary Clifford number A in the (generalized) spinor basis can be calculated according to
For A we may take the basis elements γ A , and in particular the generators γ a , a = 0, 1, 2, 3.
So we obtain the Dirac matrices as a particular case:
where α, β are the 4-spinor indices, and
The quadratic form of a polyvector Φ = φ
or
In eq. (23) we take the scalar part of the expression, whilst in eq. (24) we perform the operation (54). The latter operation is equivalent to taking the trace of the matrix representing the Clifford number.
Explicitly, for the basis (47) of the first left ideal we have 6 we have
For the basis ξÃ = ξ αi , spanning all four ideals, we have
We can calculate the matrix elements of the basis Clifford numbers γ A as follows:
For instance, the matrix elements of basis vectors γ a are given by
are the usual Dirac matrices. Using the spinor basis (47) we obtain from (68) just the matrices in the Dirac representation.
Notice that we define the Dirac matrices by taking one contravariant and one covariant spinor index. Such convention is embraced by the relations (63), (64), according to which the unit matrix 1 is replaced by δ α β . The Clifford algebra relations
can be written in the matrix form according to
Let us now take into account the relation
which can be directly calculated from eq. (47), and insert it into eq. (70). We obtain
which can be written as
or shortly,
In particular, using (47), we find
The Dirac matrix γ 0 = (γ 0 ) α β has in this representation the same form as the spinor metric z αβ .
The quadratic form (62) explicitly reads
The sector of the above expression which belongs to one particular left ideal is obtained by fixing the ideal indices i = j. If, for simplicity, we omit the latter indices, we obtain for one particular left ideal the following quadratic form
Since the components of the matrix z αβ are equal to the components of the matric γ 0 , the latter expression corresponds to the definition of the Dirac adjoint:
where † denotes Hermitian conjugation of a column spinor ψ.
We have thus shown the place of the ordinary Dirac (column) spinors and their adjoints within the framework of such generalized geometric (Clifford algebra based) approach. The Dirac matrix γ 0 entering the definition of the Dirac adjoint spinor corresponds -in this particular representation-to the metric in the spinor space.
Correspondence with the Dirac bra and ket notation The Dirac bra and ket notation is commonly used in quantum theory. The following relations hold:
The above relations hold for one ideal. They can be extended to all four ideals by replacing the spinor indices α, β with the generalized spinor indicesÃ,B.
Extending the Dirac equation to curved Clifford space
In refs. [14, 15, 5] it was proposed that the polyvector valued wave function satisfies the Dirac equation in C-space:
The latter equation is just the square root of the "massless" Klein-Gordon equation in C-space, ∂∂Ψ = 0, considered in ref. [5] , the scalar part of which was considered by Castro [13] . Castro's equation in turn generalizes Pezzaglia's equation [23] which is based on the Dixon [37] generalization of the Einstein relation for spinning bodies:
The derivative ∂ M is the same derivative introduced in eqs. (16)- (19) . Now it acts on the object Ψ which is expanded in terms of the 16 basis elements ξÃ according to eq. (48) which, in turn, can be written as a superposition of basis elements γ A of Clifford algebra.
The action of ∂ M on γ A is given in (18) . An analogous expression holds if ∂ M operates on the spinor basis elements ξÃ:
where Γ MBÃ are components of the generalized spin connection. Using the expansion (48) and eq. (90) we find We may now use the relations (58),(59),(66) and project eq. (91) onto its component
The spinor indicesÃ,B can be omitted and eq. (92) written simply as
We see that in the geometric form of the Dirac equation (89) 
The difference between
We have already stressed that the action of the derivative ∂ M is different when operating on a scalar or on a Clifford algebra valued object. We have considered the objects such as γ A which form the basis of Clifford algebra, or ξÃ which form the generalized spinor basis, spanning all four left ideals. The derivatives ∂ M γ A and ∂ M ξÃ are given in eqs. (18) and (90), respectively. In those cases we have applied the derivative ∂ M on the Clifford algebra valued objects γ A and ξÃ. From the latter objetcs we can obtain the scalar valued matrix elements by using eq. (59). For instance,
Taking the derivative, we have
In the above calculation we have distinguished between the derivative of ξÃ and ξÃ = ZÃBξB:
The latter relations are consistent with
If we take into account the relation γ N = e N A γ A (see eq. (12)) and insert eq. (97) into eq. (98), then we obtain
From the latter equation it follows
In eqs. (98), (102) we recognize a generalization of the corresponding relations for the vielbein and the Dirac matrices in curved spacetime, namely
In fact, the latter relations are just a particular case of the relations (98),(102). If we restrict our general geometric spinors to one ideal only, and assume that the vielbein and the affinity of C-space do not mix all 16 components of the Clifford algebra, but only those four that belong to spacetime, we obtain just the ordinary theory of spinors in curved spacetime.
The procedure that we have developed here demonstrates that the symbol ∂ M for the derivative indeed cannot be confused with the partial derivative. We have shown that when the derivative operates on the matrices, e.g., the Dirac matrices, we obtain the expressions (98)- (104) which are different from the expressions (17), (18), (99) This becomes manifest, e.g., under the action of the derivative ∂ M .
5 Yang-Mills gauge fields as the spin connection in C-space
Local (pseudo) rotations in C-space
Let us define the generators of local (pseudo) rotations in C-space according to
Here we assume that the basis elements γ A , γ B and the indices A, B are ordered according to the rule suggested in eq. (2).
We also have Σ AB = f AB C γ C , where f AB C are constants. Remember that by o we denote a scalar component of a polyvector, e.g., γ o ≡ 1.
A generic transformation in C-space which maps a polyvector Ψ into another polyvector Ψ ′ is given by 
Here α AB and β AB , or equivalently,
of the transformation.
In general, eq. (106) allows for the transformation which maps a basis element γ A into a mixture of basis elements:
In particular, we have the following three interesting cases:
This is the transformation which preserves the Clifford algebra relations
so that for the transformed elements γ
with the same structure constants C AB C . This means that the transformation (109) maps one basis element γ A into another basis element γ A ′ , e.g., a basis vector into a bivector, a 3-vector into 1-vector, etc.
(ii) α AB = 0, β AB = 0. Then we have
This is the transformation which maps a basis spinor ξ αi into another basis spinor ξ ′ αi belonging to the same left ideal:
This is the transformation that maps a right ideal into the same right ideal:
In general, for the transformation (106) we have
The latter transformations, in general, mixes right and left ideals. Eq. (117) can be considered as a matrix equation in the space spanned by the generalized spinor indicesÃ,B:
where U is a 16 × 16 matrix, whilst ψ and ψ ′ are columns with 16 elements.
It is illustrative to calculate the matrix elements of Ψ ′ with respect to the spinor basis of, say, the first left ideal ξ α ≡ ξ α1 . So we obtain matrices ψ ′αβ and ψ αβ representing the polyvectors Ψ ′ and Ψ respectively; the index β says which column, i.e., which left ideal (it stands now instead of the index i or j):
In matrix notation this reads
where R and S are 4 × 4 matrices representing the Clifford numbers R and S. That is, U is the direct product of R and the transpose S T of S, and it belongs, in general, to the group GL(4, C) × GL(4, C). The group is local, because the basis elements γ A entering the definition (52) depend on position X in C-space according to the relations (18), and also the group parameters α A , β A in general depend on X.
The most general gauge group here is GL(4,C) × GL(4,C). The first piece belongs to the left transformations R and the second piece to the right transformations S of eq. (106).
The group GL(4,C)× GL(4,C) that we started from is subjected to further restrictions resulting from the requirement that the transformations (106) should leave the quadratic form Ψ ‡ * Ψ invariant. So we have
provided that
Using the exponential espression (107) we have
where, according to our definition, reversion acts also an imaginary number i.
After taking into account eqs. (124),(125), the condition (123) which reads R
Since
we have that γ ‡ A is equal to plus or minus γ A , depending on the grade, i.e., on the type of the multivector index A, and consequently the parameters α A are either real or imaginary 7 .
If we represent the Clifford numbers R, S by 4 × 4 matrices
7 Later we will show (see eq. (174)) that it is convenient to redefine the Clifford basis so that its elements are invariant under reversion: γ ‡ A = γ A . Then the parameters α A can be kept imaginary for all A, if the form
where ξ α ≡ ξ α1 , ξ β ≡ ξ β1 then the condition (123) reads
which, after lowering the indexÃ with the metric z αβ , becomes
This can be written as
The transformations (106), in particular, transform a scalar, or a vector field into a spinor field. In this respect they have the role of supersymmetric transformations. Supersymmetry is automatically present in our approach. A detailed investigation of this fascinating possibility is beyond the scope of this paper. An different approach to supersymmetry and Clifford algebra was proposed in refs. [38] .
While reversion ‡ refers to a Clifford valued object, say A, hermitian conjugation † refers to the matrix representing A. So we have
Complex conjugation * comes from the reversion which, according to our definition operates also on the (commuting) imaginary unit i (the bivector of phase space) entering the definition of ξ α (see eq. (47)).
Invariance of the generalized Dirac equation under local (pseudo) rotations in C-space
We will now explore the invariance properties of the generalized Dirac equation (89). An X-dependent polyvector valued field can be expanded either in terms of the Clifford algebra basis {γ A }, or in terms of the ideal basis {ξÃ}, or in terms of the C-space coordinate basis {γ M }, defined by eq. (12) . For illustration, let us first consider the latter case. Using (17), (19), we have
where D M is the covariant derivative.
In another coordinate basis {γ
The new and old basis elements and components are related by general coordinate transformations in C-space:
and using eqs. (136), (137) we find the following transformation law for the C-space affine connection:
The latter relation generalizes the well known transformation property of the affine connection.
Similarly, for Φ = Ψ = ψÃξÃ we have
Using eqs. (90) and (117) and
we obtain
which is the transformation law for the generalized spin connection (i.e., the spin connection in C-space). The relation (143) is analogous to the relation (140).
In a special case when we do not perform a general coordinate transformation (138), but only a local (pseudo) rotations (117), (142), we have
In matrix notation 8 this reads
By renaming, respectively,
, and vice versa, eq. (145) assumes a more familiar form
We see that Γ M transforms as a non abelian gauge field. We have thus demonstrated that the generally covariant Dirac equation in 16-dimensional curved C-space contains the coupling of spinor fields ψÃ with non abelian gauge fields Γ MÃB which altogether form the spin connection in C-space. The theory presented here is essentially a generalization of the one considered by Pezzaglia [23] where the higher multivector derivatives were not considered, and the geometric interpretation of the imaginary unit i was different from ours. Pezzaglia in turn takes Crawford's ideas [22] , but interprets them geometrically.
In eqs. (139), (141) we considered passive transformations, that is the transformations which change components and the basis elements, so that
Similarly for the derivative:
The invariance of the Dirac equation, written in the geometric form ∂Ψ = 0, is straightforward, since the polyvector objects ∂ and Ψ, which have values in Clifford algebra, do not change under passive transformations.
Under active transformations either the components or the basis elements change:
and
Under the transformation (152) we have
where 
The covariant derivative transforms in the same way as the field ψÃ. This is the well known property of gauge theories.
Action
The C-space Dirac equation (89) can be derived from the action
where d 2 n x |G| is the invariant volume element of the 2 n -dimensional C-space, G ≡ det G M N being the determinant of the C-space metric.
Taking the scalar part of the action (156) we obtain the matrix form of the action:
where (γ M )BÃ = ξ ‡ B γ M ξÃ S . The quadratic form under the integral can be written in the
Here ψ ≡ ξÃ represents a column of contravariant components with the generalized spinor indexÃ, whileψ ≡ ψ * C represents a row of complex conjugate covariant components.
Writing the indicesÃ,B, ... in the fromÃ = αi,B = βj, and fixing the ideal indices i, j to one chosen ideal, e.g., i = j = 1 and omitting the index 1, then we find that eq. (158) contains the ordinary spinor quadratic form
If M = µ, µ = 0, 1, 2, 3, we obtain the formψγ µ ∂ µ ψ entering the ordinary Dirac action.
The action (156) is invariant under passive transformations (148), and passive general coordinate transformations x M → x ′M (x N ) (which lead to (147),(149)). Passive transformations do not transform a geometric object, such as Ψ or ∂Ψ. Since they transform the basis elements and the corresponding components, for instance ξÃ and ψÃ, they only show how the components look in different reference frames.
We will now show that the scalar part of the action (156) is invariant under the active transformations as well. We have
Examining the matrix elements we find
Here L A C is a local "rotation" (i.e., a Lorentz transformation in C-space) acting on local basis elements γ C .
In the last step of the above equation we have taken into account the fact that the operation S (to be distinguished from the operation 0 ) leaves the cyclically permutatated product of geometric objects (Clifford numbers) invariant under a transformation (106).
RaisingB and loweringC, we have
i.e.,
The latter relation is a generalization of the well known transformation properties of gamma matrices under Lorentz transformations. WritingÃ = αi,B = βj, and fixing the ideal indices i, j to one chosen ideal, e.g., i = j = 1, and omitting index 1, we obtain for A = a, a = 0, 1, 2, 3,
which is just the ordinary relation.
Using eq. (161) we find that the quadratic form (160) is invariant under active transformations.
Alternatively, we may transform the components, while keeping the basis elements unchanged:
Above we have used
Eqs. (160)- (163) and (165) demonstrate the invariance of the scalar part of the action (156) under active local rotations in C-space.
Noether's current
Let us perform the variation of the action (156) by retaining the term which results from the variation of the boundary. We obtain:
If we fix the boundary, i.e., if we take δx M = 0, then from eq. (167) we read the equations of motion:
where we have used ∂ M ( |G|γ M ) = 0. Now, performing the operation of reversion on equation (168) we obbtain
which is not the same as eq. (169). The equations of motion for Ψ and its reverse, Ψ ‡ , are therefore only consistent if all γ M 's entering the equations satisfy either (i) (
A we see that only those Clifford basis numbers γ A which are either even ((γ
can simultaneouldy enter the equations of motion. From our action (156) we thus obtain two different classes of equations of motion, one class for those values of the multivector indices A for which γ A is even, and the other class for those A for which γ A is odd under reversion. This is so, because our action is not invariant under reversion.
An alternative is to consider the action which is invariant under reversion:
Then the corresponding equations of motion are
Under reversion the first of equations (172) is transformed into the other, and vice versa.
Therefore the equations of motion (167) and their reversed equations are consistent. However, for those A-values for which (γ A ) ‡ = −γ A , the terms in the equations vanish. The terms odd under reversion do not contribute to the equations of motion. In this respect the situation corresponding to the action (171) is the same as that of the action (156).
The difference is that in the case of the action (156) there are two classes of equations of motion, while in the case of the action (171) the class with odd γ A 's is missing.
This problem is avoided if we redefine the Clifford basis so that insteaad of
where γ a 1 ...ar , r = 1, 2, ..., n, are defined as the antisymmetrized products (3). Explicitly, for n = 4, we have
The newly defined basis elements are invariant under reversion:
Using eq. (12) we also have that the coordinate basis elements are invariant under reversion:
If we define the C-space Dirac equation by using the new basis (174), then the reversed equation (170) coincides with eq. (169); the actions (171) and (156) become identical.
In eq. (167) the quantity δΨ = Ψ ′ (X) − Ψ(X) is the variation of the field at fixed point
Following the usual procedure we introduce the total variation
which takes into account the variation of the point X as well. Assuming that the equations of motion are fulfiled, and inserting eq. (178) into eq. (167), we obtain
Here
is the generator for the corresponding transformation of our generalized Dirac like action in C-space.
Let us now consider the following transformation
This are the general "rotations" (Lorentz transformations) in C-space. The corresponding infinitesimal transformations arē
Here L A B is a "Lorentz" transformation in the tangent C-space at a point X, and ǫ AB = −ǫ BA are infinitesimal parameters.
Inserting eqs. (183), (184) into eq. (180) we obtain
Parameters ǫ AB on the one hand, and α AB , β AB on the other hand, denote the same local transformation ("rotation") in C-space. In order to obtain the relation between the two sets of parameters, we proceed as follows.
According to eqs. (38), (48), a polyvector can be written either in terms of the polyvector components φ A , or the generalized spinor components ψÃ. The two sets of components are related as
where HÃ A = ξÃ ‡ γ A S and H AÃ = γ A ‡ ξÃ S satisfy
The transformation of ψÃ then reads
The infinitesimal transformation is
orδ
Writing the indicesÃ,B in the form of double indices,Ã = γδ,B = αβ, the latter relation can be written asδ
On the other hand, the same infinitesimal transformation is given in eq. (183), which in componnent form reads
In matrix notation the above relations read
Eq. (194) can be directly compared with eq. (193) and so we obtain
Using eqs. (188) 
Alternatively, we can derive the above relation from
Multiplying the latter equation by γ C ‡ and taking the scalar part, we find
Since x A is arbitrary, we have
For an infinitesimal transformation we obtain
eq. (202 becomes
Using the ciclic property of the operation S , namley, ξC ‡ 1
4
Σ AB ξD S = ξD 1 4 Σ AB ξC ‡ S , and writingC
Inserting the latter relation into eq. (204) we see that it is the same as eq. (198).
Let us now return to the generator (185). Sandwiching eq. (180) between the spinors ξ σ ‡ and ξ δ ≡ ξ δ1 , and taking the scalar part, we obtain for the first term
where T γδ αβ is given in eq. (195). Let us now use relation (197) . Then for the matrix elements of the generator (185) we
In both parts that contribute to the generator we have now the same parameters ǫ AB of an infinitesimal rotation in C-space. If we require that under a transformation generated by G M the action remains invariant, i.e., δI = 0, then G M is conserved generator:
Considering flat C-space, we may choose a coordinate system in which metric G M N and det G M N ≡ G = 0 are constant, so that the conservation law is simply ∂ M G M = 0. Since the transformation parameters ǫ AB are arbitrary we also have
is the Noether current belonging to our generalized Dirac action (156). It consists of the generalized spin part and the generalized orbital part, and is conserved in flat C-space.
Alternatively, we can express the ǫ AB occurring in the second term of the generator (188) in terms of α AB and β AB according to eq. (198) . The generator (185) then reads
From the fact that parameters α AB and β AB are arbitrary, we read the corresponding Noether current. It consists of the left part due to the left transformations (112)
and the part dues to right transformations (114)
In this approach the charges that generate gauge transformations are on the same footing as the spin and orbital angular momentum. This provides a natural unification of spin and charges, a program that has been pursued for many years by Mankoč [36] , using different methods and by employing extra spacetime dimensions.
5.3
The gauge field potentials and gauge field strengths 5.3.1 Gauge field potentials as parts of C-space spin connection
Using eq. (105) we can express the spin connection in terms of the generators Σ AB :
The matrices representing the Clifford numbers Γ M can be calculated according to
This is the spin connection entering the C-space Dirac equation written in the forms (91)-
.
The C-space Dirac equation can be split according to
where M = (µ,M), andM assumes all the values except M = µ = 0, 1, 2, 3.
From eq. (215) we read that the gauge fields Γ M contain:
(i) The spin connection of the 4-dimensional gravity Γ Returning to the Dirac equation (217) we see that besides the part having essentially the same form as the ordinary Dirac equation in the presence of minimally coupled 4-dimensional spin connection and Yang-Mills fields, there is also an extra term which can have the role of mass, if ψ is an eigenstate of the operator γM (∂M + ΓM ). Since the metric signature of C-space is [30] (8+, 8−) and the signature of the "internal" space is (7+, 5−), the mass is not necessarily of the order of the Planck mass; it can be small due to cancellations of the positive and negative contributions.
Gauge field strengths as parts of C-space curvature
Using eq. (90) we can calculate the curvatue according to
This is the relation for the Yang-Mills field strength. In matrix notation it reads:
Inserting eqs. (215), (216) into eq.(220) we obtain
where C BC A are the structure constants of the Clifford algebra:
From the curvature we can form the invariant expressions, for instance
which is linear in curvature and
which is quadratic in curvature. Instead of the form (224) we can use (221) and take its square:
The action for our system thus contains the term (156) for the generalized Dirac field ψÃ and the kinetic term for gauge fields:
Here α and β are the coupling constants. The first term in the action (226) is a generalization of the Einstein gravity, whereas the second term generalizes the higher derivative gravity to C-space. Other terms of the R 2 type can also be added to the action (226).
Conserved charges and isometries
In curved space in general there are no conserved quantities, unless there exist isometries which are described by Killing vector fields. Suppose we have a curved Clifford space which admits K Clifford numbers
, where the components satisfy the condition for isometry, namely
the covariant derivative being defined in eq. (136).
Taking a coordinate system in which k αµ = 0, k αM = 0, µ = 0, 1, 2, 3,M = µ, the metric and fielbein can be written as
whilst the components eĀ µ can be written in terms of Killing vectors and gauge fields
If we set the C-space torsion to zero and calculate the connection Ω ABM , given in eq. (32), by using eqs. (228)- (230), we obtain an analogous result as given, e.g., in ref. [39] :
where k
Let us now rewrite the C-space Dirac equation by using eqs. (227)- (231). We obtain
where γ (4) µ = e a µ γ a are 4-dimensional gamma matrices in coordinate frame, and
are the charges, conserved due to the presence of isometries k αM . They are the sum of the coordinate part and the contribution of the spin angular momentum in the "internal" space, spanned by γM . The coordinate part is the projection of the linear momentum onto the Killing vectors, and can in particular be just the orbital angular momentum of the "internal" part of C-space. The first term that contributes to the charge q α comes from the fielbein according to eq. (230), whilst the second term comes from the connection according to eq. (231). Both terms contain the same 4-dimensional gauge fields W α µ , where the index α denotes which gauge field (which Killing vector), and should not be confused with the spinorial index, used in Dirac matrices.
In eq. (232) we explicitly displayed only the the most relevant terms which contain the the ordinary fierbein e a µ and spin connection Ω ab µ (describing gravity and torsion), and also Yang-Mills gauge fields W α µ which, as shown in eqs. (230), (231), occur in the C-space fielbein and in the C-space "spin" connection. We omitted the terms arising form the C-space torsion
Discussion
A motivation for this study is a very promising possibility that the generalized spinors In Case (i) the group of the left transformations R ∈ {R} contains U(2,2), and the group of the right transformations S ∈ {S} contains U(2,2) as well.
In Case (ii) the group of the left transformations still contains U(2,2), whereas the group of the right transformations contains U (1, 3) .
A subgroup SU(3) naturally occurs in U (1, 3) , just as SO (3) occurs within the Lorentz group SO (1, 3) . We have here a possibility of associating leptons with the first left ideal, and three collor states of quarks with the remaining three left ideals (columns). The group SU(3), which operates from the right, mixes three collor states. In addition, a transformation, analogous to a boost, occurs, and it mixes leptons and quarks. However, such transitions, according to our model, cannot occur spontaneosly; we expect that they require a huge amount of energy, and also higher grade components of momentum, therefore normally they cannot be observed 10 .
As subgroups, our total group {R} × {S}, in Case (ii) contains SL(2,C) and U(1) × SU(2) × SU(3). The former group describes the Lorentz transformations in Minkowski space (which is a subspace of C-space), whilst the latter group coincides with the gauge group of the standard model which describes electroweak and strong interaction. Whether this indeed provides a description of the standard model remains to be fully investigated.
But there is further evidence in favor of the above hypothesis in the fact that a polyvector field Ψ = ψÃξÃ has 16 complex components. Altogether it has 32 real components.
This number matches, for one generation, the number of independent states for spin, weak isospin and color (together with the corresponding antiparticle states) in the standard model. A complex polyvector field Ψ has thus enough degrees of freedom to form a representation of the group GL(4,C)× GL(4,C) which contains the Lorentz group SL(2,C) and the group of the standard model U(1)×SU (2)×SU (3). The generators of the group are given by Σ AB defined in eq. (76).
In our model, assigning the generalized spin metric signature (235), we do not need artificially kill pieces of an SU(2n) in order to obtain SU(3). Instead we have SU (1, 3) operating from the right, and SU (3) is a natural subgroup. Since starting from a different model, to obtain SU(3) most authors have to do very unmotivated "turning-off" of degrees of freedom. Chisholm and Farwell [21] do have polyvector wavefunctions, but they do not fully utilize all the possible degrees of freedom. Rather they simulate a column spinor, with the rest of the matrix filled with zero. Instead they consider extra dimensions of spacetime.
Hence they ended up with a really big Clifford algebra operating only from the left. A different approach, using octonions, is proposed by Dixon [41] , and recently by Dray and
Manogue [42] .
Conclusion
Spacetime V 4 can be elegantly described by means of the basis vectors which are generators of Clifford algebra. The latter algebra describes a geometry which goes beyond spacetime: the ingredients are not only points, but also 2-surfaces, 3-volumes, 4-volumes and scalars. All those geometric objects form a 16-dimensional manifold, called Clifford space, or shortly, C-space. It is quite possible that the arena for physics is not spacetime, but Clifford space. And the arena itself can become a part of the play, if we assume that Clifford space is curved, and that its curvature is a dynamical quantity entering the action functional. We have thus a higher dimensional curved differential manifold, and yet we have not augmented the number of the basic four spacetime dimensions. From now on we can proceedà la Kaluza-Klein. Since the "extra dimensions" are assumed to be related to the physical degrees of freedom, due to the extended nature of physical objects, there is no need to compactify the 12-dimensional "internal" part of C-space.
The theory that we pursue here has not only the prospects for providing a clue to the unification of fundamental interactions. It provides a framework for a generalized relativistic dynamics, including generalized gravity, which might find its useful applications in astrophysics and cosmology, which are fast developing fields, where many surprises has already taken place, and more are to be expected on the way.
of Slovenia
